In dynamical system describing evolution of universe with the flat Friedmann-Robertson-Walker symmetry filled with barotropic dust matter and non-minimally coupled scalar field with a constant potential function an invariant manifold of the de Sitter state is used to obtain exact solutions of the reduced dynamics. Using observational data coming from distant supernovae type Ia, the Hubble function H(z) measurements and information coming from the Alcock-Paczyński test we find cosmological constraints on the non-minimal coupling constant ξ between the scalar curvature and the scalar field. For all investigated models we can exclude negative values of this parameter at the 68% confidence level. We obtain constraints on the non-minimal coupling constant consistent with condition for conformal coupling of the scalar field in higher dimensional theories of gravity.
Introduction
The discovery of accelerated expansion of the universe [1, 2] drastically changed our understanding of the history and future of our universe. The simplest candidate for the dark energy driving the current phase of the evolution of the universe seems to be a positive cosmological constant and the straightforward application of this assumption within the general theory of relativity together with the Friedmann-Robertson-Walker symmetry lead to the ΛCDM model which is a standard model of the cosmological evolution [3, 4] and is favoured by the observational data [5] [6] [7] . However such a explanation suffers from the fine tuning problem [8, 9] and the coincidence problem [9, 10] . These problems stimulated investigations in the field of dynamical dark energy models [11] . The quintessence idea was formulated [12, 13] as a simplest model involving a scalar field with a potential function in order to describe the current accelerated expansion of the universe. Soon after number of alternatives were proposed in order to alleviate and eliminate problems with a cosmological constant term like a phantom dark energy [14, 15] or a extended quintessence [16] [17] [18] [19] [20] [21] [22] [23] .
The simplest generalisation of the scalar field Lagrangian is the inclusion into a matter sector of the theory a non-minimal coupling term between the gravity and the scalar field of the form −ξRφ 2 [24] [25] [26] . The motivations for this term can be found in different contexts. The general relativity has a methodological status of an effective theory with a given Lagrangian and such contribution naturally emerge in its expansion [27] . The non-minimal coupling between the scalar curvature and the scalar field appears as a result of quantum corrections to the scalar field in curved space [28] [29] [30] [31] and is required by the renormalisation procedure [25] . The non-minimal coupling is also Email address: orest.hrycyna@ncbj.gov.pl (Orest Hrycyna) interesting in the context of superstring theory [32] and induced gravity [33] . While the simplest inflationary model with a minimally coupled scalar field and a quadratic potential function is no longer favoured by the observational data [34] [35] [36] [37] there is a need to extend this paradigm further. From the theoretical point of view and an effective theory approach the coupling constant becomes a free parameter in the model and should be obtained from some general considerations [38, 39] or from a more fundamental theory. Taking a pragmatic approach its value should be estimated from the observational data [40] [41] [42] [43] .
The non-minimally coupled scalar field cosmology was investigated by many authors in the connection with an inflationary epoch as well as a description of the current accelerated expansion of the universe . In the standard model of particle physics a non-minimally coupled Higgs field plays also important role [67] [68] [69] [70] .
The dynamical systems methods are widely used in cosmological applications since seminal papers by Belinskii [71, 72] and the most widespread parameterisation of the phase space is by the so-called expansion normalised variables [73] (see collection of works on the dynamical system analysis of anisotropic models [74] ). In the present paper we find cosmological constraints on the non-minimal coupling constant starting from background dynamics of a simple cosmological model with a constant potential function. Using phase space variables normalised in the present epoch we show that dynamical system describing evolution of the model is equipped with an invariant manifold corresponding to the de Sitter type of expansion. This manifold enables us to reduce dynamics and we find exact solutions of the reduced dynamical system. Using observational data from the recent history of the universe we obtain constraints on the nonminimal coupling constant consistent with condition for conformal coupling of the scalar field in higher dimensional theories of gravity.
The model and the method
We start from the total action of the theory
consisting of the gravitational part described by the standard Einstein-Hilbert action integral
where κ 2 = 8πG, and the matter part of the theory is composed of two substances. One is in the form of non-minimally coupled scalar field
where ε = +1, −1 corresponds to the canonical and the phantom scalar field, respectively, and the second one in the form of barotropic matter
The field equations for the theory are
where the energy-momentum tensor for the non-minimally coupled scalar field is given by
and for the barotropic matter
Finally, from the variation δS φ /δφ = 0 we obtain the dynamical equation for the scalar field
The non-minimal coupling between the scalar field and the curvature leads to important fact that the field equations can be written in several nonequivalent ways. In the present paper the energy momentum tensor for the scalar field (6) is covariantly conserved, which may not be true for other possibilities [75] [76] [77] . On the other hand in cosmological applications one can obtain substantial mathematical simplification using conformal transformation techniques, especially in the absence of ordinary matter. This procedure enables one to relate cosmological models with a non-minimally coupled scalar field with its conformal counterpart with a minimally coupled field. The Jordan frame action integral, where the scalar field is non-minimally coupled to the Ricci scalar curvature is mapped into an Einstein frame where now the transformed scalar fieldφ is minimally coupled. The two frames are physically nonequivalent unless variable units of time, length, and mass are adopted in the Einstein frame [76, 77] .
Here we work exclusively in the Jordan frame formulation of the theory leaving aside the question concerning equivalence between the Jordan frame and the Einstein frame formulation of gravitational theory [78, 79] .
From now on we assume that the geometry is given by the flat Friedmann-Robertson-Walker metric
and that the barotropic matter is in form of a dust matter. The energy conservation condition is in the standard form
where the energy density of the scalar field with a constant potential function U (φ) = U 0 = const. is
and a dot denotes differentiation with respect to cosmic time t and ρ m is the energy density of the barotropic dust matter. The trace of the field equations give the acceleration equation in the following forṁ
and the dynamics of the scalar field is governed by the equation
Dynamical properties of the model are completely described by the system of equations (12) and (13) subject to the energy conservation condition (10) . This is why we can reduce dynamics to a simple autonomous dynamical system introducing the following phase space variables [80] x ≡ κφ
together with the dimensionless energy density parameters
The energy conservation condition, a modified Friedmann equation, is
and the acceleration equation now is given bẏ
where we can eliminate the Ω m,0 term using the energy conservation condition (16) .
Finally, the dynamical system on variables x, z and h is in the following form
wherė
(19) From the last equation of the dynamical system (18), one can notice, that the system has two invariant manifolds h = H/H 0 = 0 andḢ/H 2 = 0. Especially the latter one is the most interesting from the physical point of view since it corresponds to the de Sitter type of evolution. In theory of dynamical systems we are interested in asymptotic sates which in cosmological applications correspond to different phases of evolution of the universe. Such asymptotic states exist in two forms, the critical points for which the right hand sides of the dynamical system vanish identically and the invariant manifolds for which one of the dynamical equations vanishes [81] [82] [83] . If during the evolution the system hits the invariant manifold it stays there forever and the dimensionality of the dynamical system reduces. The simplest example of an invariant manifold in dynamical system is, of course, an arbitrary phase curve which in a special case can be in form of a separatrix of a saddle type critical point. In cosmological applications of dynamical system theory where we usually use the scale factor as a time parameter along phase curves a vacuum model or a flat FRW model constitute an invariant manifold when investigating the dynamics of models with matter or closed (open) FRW models.
On the invariant manifoldḢ H 2 = 0, corresponding to the de Sitter type of evolution, the system (18) reduces to the following linear system
which exact solutions can be easily found and the initial conditions for the phase space variables x 0 , z 0 and the scale factor a 0 can be arbitrary chosen and we choose them at the present epoch.
Using the exact solutions on the invariant manifold one can try to solve the third differential equation in the system (18) in order to obtain the Hubble function governing the background expansion of the universe. In our previous paper [80] , using appropriate Taylor series expansion in one of the phase space variable, we were able to show that these linear solutions naturally lead to the Hubble function where the dominant terms correspond to the standard ΛCDM model and additional terms which constitute extensions to the standard cosmological model crucially depend on the value of non-minimal coupling constant ξ. Additionally, the quadratic terms in initial conditions (x 0 , z 0 ) vanish for ξ = 3 16 . In the present paper we want to go much further in order to obtain the observational constraints on the non-minimal coupling constant ξ. Our starting point are the exact solutions of the reduced system (20) and then we numerically integrate the third equation of the system (18)
with the initial condition for the Hubble function at the present epoch
Using the energy conservation condition (16) one can further constrain the value of the energy density associated with value of the potential function
In the result we obtain the numerically calculated Hubble function
for a given set of parameters of the model (Ω m,0 , ε, ξ, x 0 , z 0 ). First we distinguish between possible scalar fields, canonical ε = +1 or phantom ε = −1, next we assume two possibilities of the barotropic matter content. One is represented by the pure baryonic matter Ω m,0 = Ω bm,0 and the next one is equipped with additional contribution from the dark matter Ω m,0 = Ω bm,0 + Ω dm,0 . The last thing is to constrain the value of Ω Λ,0 parameter. In this way we obtain eight possible different cosmological models with different matter content. Note that for the minimally coupled scalar field with ξ = 0 we obtain the following Hubble function
where
. This formula describes the standard ΛCDM model where the last term indicates contribution from the scalar field and has a similar form as a stiff matter. Depending on the type of scalar field (canonical ε = +1 or phantom ε = −1) this contribution has positive or negative energy density. The observational constraints on such modified Hubble function lead to conclusion that this model is indistinguishable from the ΛCDM model [84] .
Within the assumption about conformal coupling of the scalar field with ξ = 1 6 we obtain h 2 (a) ξ= 1 6 = Ω Λ,0 + Ω m,0 a a 0 [85] .
Finally, for the special initial conditions x 0 = z 0 = 0 from equation (21) we obtain
which represents the ΛCDM model. In this sense we investigate simple extensions of the standard cosmological model caused by the non-minimal coupling between the scalar curvature and the scalar field.
Observational constraints
Estimations of the parameters of the model were made using, modified for our purposes, publicly available C MC source code [86, 87] with implemented nested sampling algorithm [88] [89] [90] together with explicit Runge-Kutta method of order 8 with dense output of order 7 [91, 92] for numerical solutions of the acceleration equation. The present values of the Hubble function H 0 = 67.27 Mpc/km/s and the baryonic matter density parameter Ω bm,0 h 2 = 0.02225 taken from the observations of the Planck satellite [4] were kept fixed. In all models under consideration we assumed a flat prior for estimated parameters in the following intervals: x 0 ∈ (−5; 5), z 0 ∈ (−5; 5), ξ ∈ (−1; 4) and Ω dm,0 ∈ (0; 1).
In the approach presented in this paper the starting point was the numerically derived Hubble function (21) together with the exact solutions of the phase space variables on the invariant de Sitter manifold. The initial conditions for the phase space variables x 0 and z 0 together with parameter of the theory ξ occurring in (21) are treated on equal footing and a flat prior was assumed since they are parameters of the Hubble function and there is no prior knowledge about values of those parameters. The interval for the ξ parameter was imposed by dynamical system analysis of the model where ξ was treated as a bifurcation parameter leading to identification of bifurcation values giving rise to qualitatively different evolutional paths of the universe [23, 80] .
During the parameters estimations we used the observational data of 580 supernovae type Ia, the so called U . compilation [93] , 31 observational data points of Hubble function from [94] [95] [96] [97] [98] [99] [100] [101] [102] [103] collected in [104] and information coming from determinations of Hubble function using Alcock-Paczyński test [105, 106] .
The likelihood function for the supernovae data is defined by 
where H th (z i ) denotes the theoretically estimated Hubble function, H obs i is observational data. And finally, the likelihood function for the information coming from Alcock-Paczyński test is given by
where:
The mean of marginalised posterior probability distribution functions with 68% confidence level of the non-minimal coupling constant ξ and the barotropic dark matter density parameter for all investigated models are gathered in table 1. In the first part we presented canonical ε = +1 and phantom ε = −1 models without barotropic dark matter, while in the second part of the table we presented results for the same models but with additional contribution in the form of the barotropic dark matter. For all investigated models we obtain the positive values of the non-minimal coupling constant ξ at the 68% confidence level.
The 95% confidence intervals for the non-minimal coupling constant for the models are the following: canonical 1: ξ ∈ (0.0582; 0.2705), phantom 1: ξ ∈ (0.1704; 0.4017) and additionally for the models with constraint Ω Λ,0 > 0, canonical 2: ξ ∈ (0.1449; 0.2779) phantom 2: ξ ∈ (0.1735; 0.3950). In the second part of table 1 we present models with the barotropic dark matter. The 95% confidence intervals for the non-minimal coupling constant are: canonical 1+dm: ξ ∈ (−0.0371; 0.8156), phantom 1+dm: ξ ∈ (0.0058; 0.8571), and for models with Ω Λ,0 > 0, canonical 2+dm: ξ ∈ (0.0633; 2.6051), phantom 2+dm: ξ ∈ (−0.0078; 1.0186).
Note that the equation of motion for the scalar field with vanishing potential function non-minimally coupled to the scalar curvature Table 1 : Mean of marginalised posterior probability distribution functions with 68% confidence levels for the non-minimal coupling constant ξ and the barotropic dark matter density parameter of the investigated models. In the bottom row the additional constraint Ω Λ,0 > 0 is assumed. On one-dimensional plots we present fully marginalised probabilities of the given variable, two-dimensional plots give 68% and 95% credible intervals of fully marginalised probabilities.
is in general not conformally invariant. However, in n ≥ 2 space-time dimensions can be made conformally invariant. Using a conformal or Weyl transformation which is the point dependent rescaling of the metric and the scalar field
where Ω(x) is a regular, nowhere vanishing function on a smooth manifold we obtaiñ
and this equation holds iff the non-minimal coupling constant is
In this way we obtain a discrete set of theoretically allowed values of the non-minimal coupling constant suggested by the conformal invariance condition of the scalar field in n ≥ 2 spacetime dimensions:
We observe that those theoretically motivated values of the nonminimal coupling constant are contained in the intervals obtained using the observational data.
The posterior constraints for all investigated models are presented in figures 1 and 2. The one-dimensional plots we give fully marginalised probabilities of the given parameter while on the two-dimensional plots we show 68% and 95% credible intervals of fully marginalised probabilities. For all investigated models the fully marginalised probability distribution functions of the non-minimal coupling constant ξ take the largest value in the vicinity of ξ ≈ 0.2. In the case of models without dark matter presented in figure 1 , the fully marginalised probability distribution functions of the non-minimal coupling constant ξ are very narrow and concentrated, while the PDFs for the initial conditions of the phase space variables (x 0 , z 0 ) have multimodal distributions. This is due to the fact that the dynamical equations governing the background evolution of the universe have to mimic effectively dark matter and the dynamics crucially depends on the initial conditions as well as the value of the nonminimal coupling constant which are estimated form the observational data. Within the approach presented in this paper we can observe that the numerically calculated Hubble function for a given set of parameters can be expanded in to the following Taylor series where the density parameters are Ω i = Ω i (Ω bm,0 , ε, ξ, x 0 , z 0 ). Using the energy conservation condition (16) we have
With the observational data used in this paper we can assume that Ω i ≈ 0 for i > 3. Additionally, the ΛCDM model is favoured by the data and we can expect that Ω 1 ≈ 0 and Ω 2 ≈ 0. Thus we obtain that the leading term in the Taylor series above is the following
Finally, the last terms in this formula can be interpreted as an effective dark matter in the model
resulting from the present evolution of the scalar field. One can easily find regions in the space of parameters (ξ, x 0 , z 0 ) where this quantity is positive for the canonical ε = +1 and the phantom ε = −1 scalar field. For the models with substantial form of dark matter presented in figure 2 the fully marginalised PDFs of the phase space initial conditions have unimodal distributions with sharp peak in the vicinity of zero. In the previous section we indicated that for x 0 ≈ z 0 ≈ 0 from the acceleration equation (21) one obtains
where now Ω m,0 = Ω bm,0 + Ω dm,0 and the dark matter contribution is one of the estimated parameters. We observe that the terms dependent on the present values of phase space variables constitute small deviation from the standard ΛCDM model. In order to discriminate between models we used twice of the natural logarithm of the Bayes factor of two models defined as
which is proportional to the ratio of the evidence of the base model E 0 and the evidence of the investigated model E i . The value of the Bayes factor can be interpreted as a evidence in favour of the base model. For 2 > 2 ln B 0i the evidence is not worth a bare mention, for 6 > 2 ln B 0i > 2 is positive, for 10 > 2 ln B 0i > 6 is strong and, finally, the evidence in favour of the base model is very strong when 2 ln B 0i > 10 (or, equivalently, very strong evidence against the investigated model) [107] .
In table 2 we gathered the values of twice the natural logarithm of the Bayes factor of investigated models with respect to the ΛCDM model. The performed analysis using Union2.1+H(z)+ Alcock-Paczyński data set indicates on a very strong evidence in favour of the ΛCDM model over the investigated models.
Among the investigated models the best one is with the canonical scalar field, the substantial dark matter and the constraint Ω Λ,0 > 0. Nevertheless analysis based on the Bayes factor can not distinguish between different investigated models with additional contribution in the form of the dark matter since its value with the canonical 2+dm model as the base model is less that 2. The same situation takes place for the models without dark matter, all the investigated models are indistinguishable. In the case of models with and without dark matter contribution we obtain a positive evidence for models with the substantial dark matter.
Conclusions
In this paper we obtained cosmological constraints on the simple cosmological models with the flat FRW symmetry filled with non-minimally coupled scalar field and a constant potential function. Using the de Sitter state invariant manifold we were able to reduce the background dynamics and we found the exact solutions for the reduced dynamics. We have shown that the investigated models constitute extensions of the standard ΛCDM model beyond the minimally ξ = 0 and conformally ξ = 1 6 coupled scalar field cases. The performed analysis using Union2.1+H(z)+Alcock-Paczyński data set enable us to exclude negative values of the non-minimal coupling constant on the 68% confidence level. For two investigated models with the phantom scalar field and with the fixed baryonic matter content the value of conformal coupling ξ = 1 6 lies below the 95% confidence interval.
We have shown that the non-minimal coupling constant ξ can be a useful parameter in description of the current accelerated expansion of the universe in the quintessence domination era. The special bifurcation value of the non-minimal coupling ξ = 3 16 is distinguished by the dynamics of the model, constituting the border between an oscillatory and a linear behaviour on the invariant de Sitter manifold, can lead to a singularity free cosmological evolution [80, 108] . Finally, the performed statistical analysis may suggest some additional symmetry in the matter sector of the theory [109] [110] [111] [112] [113] [114] [115] .
